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A graph of a triangulation of the toms is said to be uniquely embeddable in the torus 
provided all its embeddings are isomorphic as triangulations. An infinite set of toms 
triangulations of connectivity 5 has been constructed, with graphs that are not uniquely 
embeddable in the torus. 
Let G be a vertex-labelled graph on V vertices denoted 1 ,2 , . . .  ,V. 
Triangulations TI(G) and T2(G) of a 2-manifold, both with the graph G, will be 
considered as essentially different provided there exists a 3-circuit ijk in G which 
bounds a face in TI(G) but there is no face ijk in T2(G). Triangulations T 1 and 
T 2 are called isomorphic provided there exists a bijection tp from the set of 
vertices of T 1 onto the set of vertices of T 2 such that there is an edge ij (face ijk) 
in T 1 itt there is an edge O(i)c~(j) (face O(i)dp(j)dp(k)) in T 2. 
Whitney's theorem [3] implies that for any triangulation T(G) of the sphere 
with a graph G there are no triangulations of the sphere with the graph G, 
essentially different from T(G). However, it is not so for the toms. For example, 
the triangulations hown in Fig. 1 are nonisomorphic although they have 
isomorphic graphs. (As usual, the torus is presented as a square, opposite sides of 
which are supposed to be identified in pairs.) Indeed, the graph isomorphism is
established by the labelling of the vertices, but the triangulations are not isomorphic 
since the face 459 in Fig. l(a) contains only vertices of valence 7, and there are no 
such faces in Fig. l(b). 
This example is interesting since it is minimal with respect o the number of 
vertices. Indeed, there are exactly eight nonisomorphic triangulations of the torus 
with less than 9 vertices (see [1]), and they have nonisomorphic graphs. 
Following Negami [2], we will call a triangular embedding T~(G) of a graph G 
in the torus unique (faithful) provided any essentially different embedding T2(G) 
is isomorphic (is not isomorphic) to T~(G) as triangulations. The definitions given in 
[2] are equivalent although formulated in different erms. It is easy to show that 
the graph of any triangulation of the torus has connectivity 3, 4, 5 or 6. The main 
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result of [2] is: with precisely three exceptions, the graph of any 6-connected 
triangulation of the toms is uniquely and faithfully embeddable in the torus. To 
show that this result is best possible, Negami [2] constructs examples of 3-, 4- and 
5-connected triangulations of the toms whose graphs are not uniquely embed- 
dable in the toms; moreover, for connectivities 3 and 4 he gives infinite families 
of such examples. Here we shall show how a modification of the example of 
Negami [2] leads to an infinite family of such examples for connectivity 5 as well. 
Thus the remarkable result of Negami is best possible for all connectivities, in the 
strong sense of an infinity of counterexamples possible with minimally weakened 
connectivity assumptions. 
Let (31 and G2 denote the isomorphic graphs of connectivity 5 of the 
triangulations of the toms shown in Fig. 2. Since only the vertices 5 and 6 are of 
valence 8, any isomorphism between Ga and (32 must carry the vertex 6 either 
onto 5 or onto 6. The valences of the vertices adjacent to 5 and 6 are (in cyclic 
order) 5, 5, 5, 8, 10, 7, 6, 6 and 5, 5, 5, 5, 8, 10, 6, 7 in G1 but 5, 5, 5, 8, 6, 6, 10, 
7 and 5, 5, 5, 5, 8, 6, 10, 7 in (;2. Hence there is no isomorphism possible 
between the two triangulations in Fig. 2. 
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In order to construct infinitely many examples of connectivity 5 it is sufficient o 
repeatedly subdivide the 6-gonal disk D(6, 9, 15, 7, 14, 10) in the two triangula- 
tions, as shown in Fig. 3. 
It is an open problem whether, for each n, there exists a 3-, 4- or 5-connected 
triangulation of the torus, whose graph is embeddable in the torus nonuniquely, 
and for which every nonseparating circuit in any embedding in the torus is of 
length at least n. 
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